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1 Introduction 

When in 1976 the famous paper by J.F. Plebahski and I. Robinson on the hyperheav- 
enly spaces appeared pj it was quite clear for all who were interested in heavenly spaces 
and complex methods in relativity that a new powerful tool has been just introduced. 
Further developement of this subject by J.F. Plebahski, I. Robinson, CP. Boyer, J.D. 
Finley III, T. del Castillo, A. Garcia, K. Rozga and many, many others provided us with 
deep understanding of a broad application of complex analysis in relativity [2] - [9]. Later 
on it has been realized that the hyperheavenly spaces play also a crucial role in the theory 
of Osserman and Walker spaces [TOl [TTl [12] . 

One of the problems which, from the very beginning, has attracted a great deal 
of interest was the problem of classifying all Ti and "HTZ-spaces admitting (conformal, 
homothetic or isometric) Killing vector [7] - [9], [13] - [16]. It seems that the only case 
which has been not analysed in that context is the case of complex 7/-space with A. 

The aim of the present paper is to fill this gap and to classify all ?^-spaces with A 
admitting a Killing vector. We intend to give this classification using the coordinate 
system explored intensively in the T-LT-L-spsice theory [1] - 0]. Although, as has been 
shown by one of us [I7j, P. Tod [18] and M. Hogner [I9] in the case of real ^/-spaces 
with A admitting a Killing vector some other coordinate systems are more convenient. 



we intend to show in the present work that in the complex case the Plebahski - Robinson 
- Finley coordinates are still extraordinary useful and transparent. 
Our paper is organized as follows. 

Section 2 is devoted to general properties of H-spaces and HH-spaces with A. Heav- 
enly equation with A is given and the gauge freedom is studied. In section 3 the Killing 
equations and their integrability conditions are considered. The general form of the 
Killing vector is found (see (3.15)) and the master equation (3.16) is derived. Transfor- 
mation rules of the components of the Killing vector are given. 

The main results of the paper are gathered in section 4 where the classification of 
all "H-spaces with A admitting Killing symmetries are found. In subsection 4.1 some 
important lemmas are proved which are then extensively used to find the general metric 
(4.29) of "H-space with A admitting a null Killing vector. 

The general form of non-null Killing vector (4.42) is obtained in subsection 4.3 and 
it is shown that the problem is reduced to finding the solution of the Boyer - Finley - 
Plebahski (Toda field) equation (4.67). 

Details concerning the calculations can be found in Appendix A. 



2 Heavenly spaces (?^-spaces) with A. 

2.1 General structure of hyper heavenly spaces (T/'H-spaces) with 
A. 



l-CH-space with cosmological constant A is a 4 - dimensional complex analytic differen- 
tial manifold endowed with a holomorphic Riemannian metric ds"^ satisfying the vacuum 
Einstein equations with A, Rab = —Agab, A 7^ 0, and such that the self - dual or anti - self 
- dual part of the Weyl tensor is algebraically degenerate PP - This kind of spaces ad- 
mits a congruence of totally null, self-dual (or anti-self-dual, respectively) surfaces, called 
null strings or twistor surfaces pO] - [22]. In what follows we deal with the case when 



the self-dual part of Weyl tensor is degenerate. Then, a null tetrad (e^ 



e^) and a 



coordinate system {q^,p^) can be always chosen so that T422 = ^424 = P], the surface 



element of the self-dual null string is given by A 
in spinorial notation reads 



and the null tetrad (e , e , e , e ) 



V2 



9 A 



V2- 



(2.1) 



= 1,2 



where 



(9 



AB\ 



V2 



(2.2) 



and and Q^^ = Q^^ are holomorphic functions. Spinorial coordinates are coordi- 
nates on null strings, while just label them. Define the following operators 



_d_ 
dp^ 



_d_ 



+ g^^9 



B 



_d_ 
dp/ 



5, 



_d_ 
dq^ 



(2.3) 
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They constitute the basis dual to (e^, E^) 



82 



(2.4) 



We use the following rules of manipulating the spinorial indices: 



(1b e 



BA 



, but for consistency, the rules to raise and lower spinor indices in the case of 



objects from tangent space read d"' 
where &ab and are the spinor Levi-Civita symbols 



a . ^AB a 



-BA 



QB ^A 



a . ^AB 3 



^AB'-- 



1 
-1 



AB 



-AB- 



1 
-1 



^ ^AB r_B 
^AC^ = Oc 



AB 



5^ = 5 



The metric ds"^ is given by 



-BA 



g 



B 



AB 



1 

1 



(2.5) 



ds^ = 2 ® + 2 ® 

s s 



Z s 



dp'^^dq^ + Q'^^ dq^^dq^) (2.6) 



The expansion 1-form which characterises the congruence of self-dual null strings is de- 
fined by [2] 

dqA (2.7) 



^:=^,e" = 0^(r423e^ + r42iei) 
Consequently, we can consider two cases 



if ^ = 0^0 



and such a space is called a nonexpanding HTi-space (in this 
case one can put = 1) 

• if 7^ —7- 7^ we have an expanding T-CH-space 

When self-dual (or anti-self-dual) part of the Weyl spinor vanishes then we obtain the 
so called heavenly space (Ti-space) with A. Theory of heavenly spaces was provided by 
many authors, but most of them do not include cosmological constant A. Most of the 
papers on heavenly spaces theory take as a starting point nonexpanding congruence of the 
null strings. The geometry of heavenly spaces can be easily obtained from the geometry 
of nonexpanding hyperheavenly spaces (in the notation used in our work [13j it is enough 
to set = = n = A = in all formulas). 

However, as it has been shown in [6], if the cosmological constant A 7^ 0, there do 
not exist nonexpanding congruences of the null strings. To obtain algebraic description 
of heavenly spaces with A we have to start from expanding hyperheavenly space. We 
do not consider here transition from expanding hyperheavenly spaces to heavenly spaces 
with A with detailes. Simple analysis of the self-dual part of Weyl spinor proves, that 
Cabcd = involves fi = u = (compare [H]). Except this x and 7 can be gauged 
to zero (significance of the functions /i, z/, x and 7 can be found in |2], |3]). With this 
simplifications made, one can present general structure of heavenly spaces with A. 
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2.2 Geometry of 7/-spaces with A and the heavenly equation 
with A. 

The first step towards reducing the Einstein equations Rab = —-^gab, A 7^ 0, consists 
in the observation that without any loss of generahty one can put 

<P = JaP^ (2.8) 

where is a constant, nonzero spinor. By we denote the inverse spinor defined by 
the relation 

K^Js- K^J^ = T5j where t = K^J^^O (2.9) 
Then we obtain that there exists a holomorphic function W {the key function) such that 



Q 



AB 



where 



and 



7] := K^p^ 



(2.10a) 
(2.10b) 

(2.11) 
(2.12) 



Finally, the Einstein equations can be reduced to a single nonlinear partial differential 
equation of the second order called the heavenly equation with A 



T 



(2.13) 

(2.14) 
(2.15) 



The form (2.13) will be especially useful in calculations of Appendix A. 2 Inserting into 
(2.13) the explicit form of T given by (2.14) with (2.10b) one gets the heavenly equation 

A 



with A in the following form 
1 



6 







(2.16) 



where W. 



A = Wg. = ^,etc.. Muhiplaying (2.16) by 0, one gets 



J^'W^bW^a + W„A - i^Kj,W^ 



p^ 



A 

67' 



(2.17) 



From (2.17) we infer that there exists a holomorphic function T such that 

A 



K,W^ = T 



(2.18) 
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Then the connection 1-forms in spinorial formahsm are 



Til = 

_ 1 , „ 4 , , „ X 6 3 

12 

r 



(2.19) 



B 



AB 



^c(B Qaw)^^ + <P~'J(aE_ 



AB) 



{A^B)C 



where 



and 



QabJ^ 



^2 ' j^ir'w. 



A 



'(A^B) 



AS 



6r 



Decomposing the connection 1-forms according to 

1 



AB 



^ ABCD 9 



CD 



AB 



^Abcd 9 



CD 



we get 



ID 







221D 



720 Q^^ J 



(A "^B)!) 



112i3 



122D 



222D 



A_B2D 



D 



(2.20) 
(2.21) 

(2.22) 

(2.23) 



V2' 



^d\<PQAD) 



-^202 g^g 



AD 



The conformal curvature is given by 

Cabcd 







(2.24) 



C 



ABCD 



Substituting (|2.10a|) into the metric (|2.6|) one finds 



A 



0"^<j 2T'^{dr] ®dw -d(j)®dt) + 2 

s s 

+4 (-0 W^,^ + PV^) dw^dt + 2 (-0 + 2 W^) dw O dw; 



(2.25) 



where 



t := i^^g^ 



w := J^q' 



In terms of the coordinates {(f),ri,w,t) the heavenly equation with A (2.16) reads 



A 

6^2 



(2.26) 



(2.27) 







and Eq. (2.18) takes the form 

T 



T 
T 



2 
r 



5r 



(2.28a) 
(2.28b) 



2.3 Gauge freedom. 

The problem of finding the coordinate freedom in expanding "HH-spaces with A and, 
consequently, in ?^-spaces with A is similiar to that problem in nonexpanding TiH-spaces 
(compare [21 [iTl [H]). The form of metric (2.6) admitts the coordinate gauge freedom 



P 



lA 



A = A(g^), a^ = a^(g^) 



(2.29) 



The functions and Q"^^ transform under (2.29) as follows 



L'-2 



A0- 



Q^AB ^ ^-1 A B qCD ^ ^-1 (A 

CD R 



(2.30) 



where we put 



D 



-1 B 





= A 


dq^ 




dqB 




QqiA 




9qA 


= A 


_i dq'^ 


dp'^ 

— A 


dq'^ 




dq^ 


QpA 



-idp 



B 



lA 



dp 

A-^A-i ^ 
dp'^ 



(2.31) 



and A is the following determinant 

A := det 



dq^ 

dqn 



DabD 



AB 



Symbol is essentially different of D . Note, that 



(2.32) 



B 



D 



A A 



B 



A 



B 



(2.33) 



It is easy to see, that the transformation (2.29) is equivalent to a spinorial transformation 
of the tetrad g^^ given by (2.1), defined by the matrices 



B 



h<fAi 
AAi 



B 



A^D 



-1 A 
B 



(2.34) 



where 



2h :-- 



^ dq'^ A ^ rinR 



1 9(A-i; 
+ - \ ^ p- 



QqR QqiR A dq 



R 



(2.35) 



It is convenient to assume that the gauge transformations maintain J = J = const 
and K'^ = K"^ = const. This obviously puts some restrictions on the gauge freedom. 
After some analysis one finds that 



w' = w'{w) , t' = t'{w,t) , 4 = A 2 , A = w'^X 2 



^ jA 



(2.36) 
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where a = cr{w, t) is an arbitrary function. 
Transformation law for rj reads 



Xw: 



w' 



(2.37) 



Straightforward but long calculations show that the function W transforms under (2.36) 
as follows [H] 



PaPb 



Ti. Ir ^3 1 xl / d f 1 dt' 

W L(j)^ ^''w' - — — - — 

3 2r dq^^ \w'^ dq^) 



(2.38) 



where M is an arbitrary function of q^ only and L = L{w) is function of w, satisfying 
the relation 

= -{w'Smw'J'^^^ + ^L (2.39) 



3 General properties of Killing vectors. 

3.1 Killing equations and their integrability conditions in spino- 
rial formalism. 



Define the spin-tensor g"'^^ by the relation g^^ = g/^^ e'^. Hence, —^g°'^^gbAB ~ 

and —\g"'^^gacb ~ ^c^%- '^^^ operators d"^^ and V"^^ are the spinorial images ol 
operators d"" and V", respectively, given by 

= g^^BQa 



jAB 



ABT-7a 



In the basis (2.4) 



A conformal Killing vector K can be written as 



where we use the decomposition 



K 



AB 



ki ^2 
hi ^2 



Components K"^ and K.^ are related by 



1 



Conformal Killing equations with conformal factor x read 

V(aKb) = Xgab 



(3.1) 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



(3.6) 
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or in spinorial form 

V/Kf + VfK^ = -Ax EAce 
which is equivalent to the following system of equations 



BD 



E 



AC 



BD (B-^^ D) 



E 



(A -^C) 



NN 





+ 8x = 



From (3.8a) and (3.8b) it follows that 

y7 Bt^ D 1 ^BD 

^A = ''AC e 

with 



1 



AC 



\7 

^ [A ^C)N 



j_]BD ^ 9.^ ^ ^BD 



^BD ^^NiBK/^ 



(3.7) 

(3.8a) 
(3.8b) 

(3.9) 
(3.10) 



In [16] the integrability conditions of (3.8a) and (3.8b) have been found. For the self-dual 
Einstein space (C^^cd = = Cabcd, R = — 4A) these conditions consist of the following 
equations 



LjiST = "^R 1st + 2 A Kj.) + 2 Gij(5 V^) X = 

2 



T A — -riA J . . 

^RSf — ^ r'sT 



N 



AB 



AB 



^Abc 



Va^Vb\ - 



ABC 



-Ax eABe 







AB 







(3.11a) 

(3.11b) 

(3.11c) 
(3.11d) 



Structure of the heavenly spaces with A puts some strong restrictions on the confor- 
mal f actor x - Namely, it can be proved that if C^^ci) then x = [23]. Indeed, 
from (3. lid) we conclude, that ^a'^X is the quadruple Debever-Penrose spinor and con- 
sequently, the conformal symmetries can eventually appear only in the heavenly space 
with A of the type [— ] ® [N]. However, as is well known, two quadruple DP spinors are 
necessarily lineary dependent so V^'^x has to be proportional to V^^x ot, equivalently 



Acting on (3.12) with V^^ and using (3.11c) one quickly obtains 



AxV/x = 



(3.12) 



(3.13) 



Hence if A 7^ then V^^x = 0- Finally, using (3.11c)) we get x = 0- 

Gathering: there is no conformal or homothetic symmetries in the spaces of the type 

[— ] (g) [I,II,III,D,N] with A 7^ 0. Conformal or homothetic symmetries with A 7^ can 

exist only in the space of the type [— ] (g) [— ] i.e., in the de-Sitter spacetime. We do not 

consider these spaces here. 

Consequently, in what follows we consider x = and so we deal with isometries and 

Killing vectors. 
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3.2 Master equation. 



Assuming x = we are left with the integrabihty conditions (3.11a) with x = 0. 
Careful analysis of these conditions lead to the conclusion that the components of Killing 



vector (3.3|) are 
= 



(3.14a) 

= 02 qSB _ 2« _ ^ pSpB ^^pS^^jB^ -KsJ„^ (3.14b) 



where Q^^ is given by (2.10a), by (2.11), e = e(g^) and a = a{q^) are arbitrary 
functions. 

In the base ( ) the Killing vector has the form 

\ dq^ dp" J 



K = {ap^ + 6^' 



d 



dq 



B 



2a n 



B 



da Q n 85 



dq' 



■p p + 



d6' 



S^B , -"5^5 , ^JB^^-^ J ^B 



dqi 



p 



dq 



■p 



N 



_d_ 
dp^ 



The system of ten Killing equations can be reduced to one, master equation 



f)a ' 1 f)/)"^ 
£kW = 4aT - ( - 3 — + - — {?>K^J^ + 2K^J^ 

dq^ T oqj^ 



-403^ + (t)-^V 



(3.15) 



(3.16) 



where £kW = KW is the Lie derivative of the key function, ^ = ^(g^^) is an arbitrary 
function and P is a fourth order polynomial in p'^ 



+ 



1 d^6^ 
2dqsdqji 



A da a 2 ^ de 
PbPsPb + — P V + 



6r2 dqS 
Y 



2dqs^'' 



+ 



N 



3r 



(3.17) 



where Y = Y{q'^) is an arbitrary function of g*^. 

Then we are left with two integrabihty conditions which must be fullfilled 



Ja^b 



85"^ Aa 



dq 







B 



8Ae + - J^K.K^K, 



N 



T 



dqgdq^dqz 



(3.18a) 
(3.18b) 
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From (3.10) with (3.15) by long and tedious calculations we get Iab 

hi = - 



'3 T . 



12 



+ 7 ^^^^ 9^ 



.2r7V 



— 2Aa(/) W — (jypsPAJ, 



N 



dq^dqg 



A 86' 



3r2 

3.3 Transformation rules. 

Transformation rules for a and 6^ read 



(2<pK^Ks + r]{2KsJ^ + K^Js, 



Ae 
Y 



(3.19a) 
(3.19b) 



(3.19c) 



a' = wl.X^a 



Using the decomposition 



(3.20a) 
(3.20b) 



r6' 



aK^ + hJ^ ^ a:= J^5' 



b :-- 



(3.21) 



where b = b{w,t), a = a{w,t), one can rewrite (3.20b) in the form 



a' = w'a 



b' = X 2b + t'a - raaX^^w. 



w 



(3.22a) 
(3.22b) 



then e transforms as 



= {Xw'J h + 



6aM 
XwL 



TX'^(cr^a)t + SXH'aat 



-a 



2bt + a (In (tXw'^)^ + b (In aX)t 



(3.23) 



From the invariancy of the master equation (3.16) one can find the transformation laws 



for and Y. Under the assumption that a = we get 



[w. 



I \2 



4e' 



3r 



1 2 

4^ + -^aL^ + -La^ 



Y 
37 



roX\w'J 



~dt 



/ \2 



^^TXtatW^^M{?>bt-1a, 



dt[xh', 

bMt 
Tdt]b' 



(3.24) 
(3.25) 
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4 The classification of 'H-spaces with A admitting 
Kilhng symmetries. 



4.1 Preparatory analysis. 

In this section we give the classification of all ?^-spaces with A admitting Killing sym- 
metries. We assume, that A 7^ 0, x = and Cabcd = 0. First, we prove some lemmas 
which are crucial in our further analysis. 



Lemma 4.1 

If Kj^j^ is a Killing vector then the spinor Iab defined by (3.9) and (3.10) is nonzero. 



Proof 

Assume that Iab 



0. Then, from (3.11a) with A 7^ and x = one concludes that 



^AB — 0- Thus, we arrive at the contradiction and this ends the proof. 



The next lemma is fundamental in the cases of null Killing vectors 



Lemma 4.2 

Let Kj^j^ be a Killing vector. Then the following statements are equivalent 

(i) Kj^j^ is a null vector 

{ii) K^^ is of the form K^^ = niAn^ 

{Hi) Iab is of the form Iab = f^fnAiTT-B, where /i is some nowhere vanishing function 
M /W^^ = 2det(/AB) = 



Proof The proofs of equivalences (i) (ii) 
consider the case (ii) =^ {iii). Inserting K^^j-, = 



and {in) -v^ (iv) are trivial. Therefore, 
rricn^ and = mAfi^ into the Killing 



equations (3.7) and multiplying both sides by m 



^m'^' one gets 



(4.1) 



This means that the spinor defines a congruence of self-dual null strings in the sense 
that the 2-dimensional holomorphic distribution {m^t^,m^M^}, t^u^ 7^ is integrable 
and its integrable manifolds consti tute the congruence of self-dual null strings. Note that 
multiplying the Killing equations (3.7) by 



'^n^ we obtain the condition 



n^ri^^AB^^D 







(4.2) 



which means that the spinor defines a congruence of anti-self-dual null strings given 
by the congruence of integral manifolds of the distribution {rAn^,SAn^}, tas"^ 7^ 0. 
Substituting into the first equality of (3.10) the form of Killing vector K^^ = rriAn^ then 



multiplying by m m and using (4.1 ) we get 



A C 1 

m m Lac 







AC 



m 



(AOc) 



(4.3) 



where oc is a nonzero spinor. Finally, inserting (4.3) into the integrability condition 
(3.11a) with X = ^-^id multiplaying both sides by mrm^ one has 



[m 



^OT){m^VRA^s) = 



(4.4) 
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But, since for A 7^ all congruences of self-dual null strings are expanding (see subsection 



2.1) and by (4.1) the spinoir niA defines a self-dual null string congruence the following 



condition holds true 

m^^^RA^s ^ (4.5) 



Hence, ( |4.4[ ) with ( |4.5| ) yield 

■m^OT = =^ Ot = fJ^rriT , 7^ (4.6) 

Therefore Iab = ^JifnAiriB and the proof of implication (u) ^ {iii) is completed. It re- 
mains to prove that {Hi) ^ {ii). Inserting 1st = iJ^msmT into the integrability condition 
(3.11a) and multiplaying by m^rn^ we get 

'^AniRm^ KsA = ^4° m'^KsA = (4.7) 

But this last equation implies the existence of some spinor 11^ such that K^^ = rriAn^. 
This ends the proof of implication {iii) =^ {ii). So the proof of our lemma is complete. 



Note that from (4.2) and the complex counterpart of the Goldberg-Sachs theorem [20|l2l] 
it follows that Cabcd algebraically special and is the multiple Penrose dotted spinor 
i.e. 

CABCDn^n''n^ = (4.8) 

Thus we have 



Lemma 4.3 

If K^^ = nijiji^ is a null Killing vector then C^^q^ is algebraically degenerate with 
being a multiple Penrose dotted spinor and the space is of the type [— ] ® [deg]. ■ 



From the lemma 4.2 one quickly finds 



Corollary 4.1 

If Kj^jj is a null Killing vector then at each point it is tangent to a self-dual null string 
and an anti-self-dual null string. These strings are defined by the spinor uia and n^, 
respectively, where K^^j^ = mAfiB- • 



and 



Corollary 4.2 

K^^ is a nonnuU Killing vector iff IabI^^ = 2det(/yiB) 7^ 0. ■ 

From the proof of lemma 4.2 we can see that if Iab = ^J'TUa'/tib then the spinor ttla 
defines a congruence of self-dual null strings since ttia satisfies (4.1). The question is 
what happens when Iab = m{AOB), tuao^ 7^ 0. The answer is 

Lemma 4.4 

Let Iab = f^iAOB), trao^ 7^ 0. Then both and ob define congruences of self-dual null 
strings. 
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Proof Inserting 1st = ^(sOt), mso^ 7^ 0, into (3.11a) and multiplying both sides by 



m^m^m^ we get Eq. (4.1 ) Analogously, multiplying by o^o^o^ one obtains o^o^V ^^ji^os 



0. Hence, both self-dual distributions {niAtj^.mAUj^} and {oAtB^^AUj^} are completely 
integrable (by the Frobenius theorem |25i[26j). This ends the proof. ■ 



Now we are ready to accomplish the classification of all "H-spaces with A admitting a 
Killing symmetry. 



4.2 7/-spaces with A admitting a null Killing vector. 



Assume that K^^ is a null Killing vector on a "H-space with A. Then from Lemma 



4.2 it follows that Kj^^ is of the form 



Kab = ^AUb 



and Iab reads 



Iab = firuAmB 



(4.9) 



(4.10) 



where, by (4.1), the 2-dimensional holomorphic distribution {mAt^' "^a^b}, t^u^ ^ 0, 
is integrable and its integral 2-dimensional complex surfaces constitute the congruence 
of self-dual null strings; analogously, by (4.2), the integral 2-dimensional surfaces of the 
distribution {r^n^,mAM^}, r^s^ 7^ constitute the congruence of anti-self-dual null 
strings. Consider the self-dual congruence. It is defined by the completely integrable 
Pfaff system [26] 

mA^^^ = 5 = i,2 (4.11) 
or, equivalently, by the following orthogonal 2-form S 

1 



AB 



-BD 



rriAmc g Ag 



-CD 



(4.12) 



Now we choose the null tetrad (6^,6^,6^,6"^) and the coordinates (g^,p^) introduced in 
subsection 2.1 so that our present congruence given by the Pfaff system (4.11) is defined 
also by 







A = 1,2 



Consequently, one has 



by 



22 



(4.13) 



(4.14) 



It means that the undotted spinor basis is taken so that the spinor has the components 

m^ = (0,m2) , ma^O (4.15) 



Inserting (4.15) into (4.10) we get 



/ii = = / 
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Employing the first equality of (4.16) in (3.19a) one finds 

Jn^'^ = 



(4.16) 



(4.17) 



Then from (|4.17|), the second equality of (|4.16|) and (3.19b) with A 7^ one obtains 

(4.18) 



K -6^ 
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Therefore 



Substituting ( |4.19D into ( |3.18aD and ( |3.18bD with A 7^ we have 

a = 



(4.19) 



(4.20) 



and 



(4.21) 



The transformation formula for e (3.23) under (4.19) and (4.20) takes a simple form 
e' = (At(7^)~^e. Hence, without any loss of generality one can put 



1 
r 



(4.22) 



Finally, inserting ( |4.19| ), ( |4.20[ ) and ( |4.22| ) into ( |3.15[ ) and using ([2^ and ( |2.12| ) we get 
the Killing vector 

= (4.23) 



Now, from (3.25) one infers that the function a = a{w,t) can be chosen so that 

y = (4.24) 



and this choice, with (4.19), (4.20) and (4.22) satisfied, leads to 

V = 



(4.25) 



where the function P is de fined by I^Jjj. Under ( |4l9| , ( |420| , ( |42l| , ( |423| and ( |425| ) 
the master equation (3.16) is brought to the extremally simple form 



dW 
dr} 



O^W = W{^,w,t) 



Then the heavenly equation with A (2.27) reads 



Qt 



The general solution of Eq. (4.27) is 



(4.26) 



(4.27) 



(4.28) 



where F and / are arbitrary functions of their arguments. From the formula (2.38) for 
the gauge transformation of the key function W one quickly concludes that without any 
los of generality the function f{w,t) in (4.28) can be put zero. Substituting (4.28) into 
(2.25) we get the general metric of a H-space with A admitting a null Killing vector 

2 



-{dr] ®dw - dcf)® dt) + 



A 

3^2 



dt ® dt 



(4.29) 



-2 {2F^ - (j) F^^) dw ® dw 



F{<j)-—,w 
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(Remark: r 7^ is any complex parameter and can be chosen as it is convenient). 
Substituting (4.28) into the second formula of (2.24) one has 



CABCD = <l>'^JAJBJcJb (4.30) 
Hence, if F^^^^ ^ then C^^c-^) is of the type N and J4 is the multiple dotted Penrose 



spinor. Consequently, from Lemma 4.3 one infers that the spinor defined in (4.9) is 
proportional to J4 

nA ~ Ja (4-31) 
So the null Killing vector K = K"'da is a 4-fold Debever-Penrose vector 

Cab.dK'' = (4.32) 



If F^^^^ = then C^^f^/j = and the metric (4.29) is a conformally flat complex Einstein 
metric with non-zero curvature scalar. 

It is an easy matter to carry over all results of this subsection to the case of a real 
?^-space of signature (+ H ) with A. Here the null Killing vector K^^^ is real and one 



can quickly show that the spinors rriA and defined by (4.9) can be chosen to be real 
spinors. Then the Lemmas 4.1, 4.2 and 4.3, and the results of subsection 4.2 hold true 

for a real "H-space of signature (+ H ) with A under the assumption that all complex 

objects (e.g. spinors, null strings, tetrads, coordinates, etc.) considered in the complex 
7^-space with A are now real and instead of holomorphic objects we deal with real smooth 
objects. 

n pa rticular, the general metric of a real "H-space of signature (+H ) with A is given 



by (4.29 ) where (0, ry, w, t) are real coordinates, r is a real parameter and F = F[<p—^,w 



is an arbitrary real smooth function. This metric is of some interest from the point of view 

of the Osserman geometry [TT]. Namely, it is the general metric of signature {+ -\ ) 

of the 4-dimensional globally Osserman space with non-zero curvature scalar admitting 
a null Killing vector. 



[Remark: We have learned from Maciej Dunajski that the same metric (4.29) was 
recently found by himself and Paul Tod |27j]. 

4.3 7/-spaces with A admitting a non-null Killing vector. 

Here we assume that the Killing vector K^^ on a "H-space with A is non-null. From 
Corollary 4.2 we know, that this is equivalent to the statement that 

/W^^ = 2det(M^0 (4.33) 



The condition (4.33) is fullfilled iff 

Ub = m(^AOB) , m^o^ ^ (4.34) 

From Lemma 4.4 one concludes that 2-dimensional holomorphic distributions 
{rriAt^^^AUB} s-^d {oAt^,OAU^}, t^u^ 7^ are completely integrable and their inte- 
gral manifolds constitute two congruences of self-dual null strings. We take one of these 



congruences, for example that define by the Pfaff system (4.11) or the 2-form (4.12). 



Then we choose the null tetrad (e^, e^, e^, e^) and the coordinates {p^,q^) described in 
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subsection 2.1 so that (4.13), (4.14) and (4.15) are satisfied. Substituting (4.15) into 
(14. 341) one gets 



^11 = 



Hence, by (3.19a) we have (4.17). From (4.33) under (4.35) it follows that 



(4.35) 
(4.36) 



Inserting (4.17) into (3.19b) and using (4.36) one concludes that (since A 7^ 0) 

^ '^4^ b + (4.37) 



(compare with Eq. (4.18) which is fulfilled in the case of null Killing vector). Then from 
( |3l8al ) and ( |3.18bD under it follows that ( |420| an d ([42l] ) hold true. 

The transformation rule (3.22b) shows that since by (4.37) 6 7^ one can choose the 
function A so that 

y = 1 (4.38) 



Finally, from (|3.23|) and (|3.25|) with 6 7^ we conclude that the functions a and M can 

(4.39) 



be chosen so that 



and Y' = 



and one quickly gets from (3.17) that 



V = 



(4.40) 



Gathering all that we have that if the Killing vector K^^ is non-null then there exist the 
coordinates {p^,q^) or {(f),ri,w,t) introduced in section 2 such that 



Inserting (4.41) into (3.15) one gets 



a = a = ^ = e = Y = V = 

d 



b= 1 



K 



dt 



Then the master equation (3.16) gives 



dW 



W = W[<p,r],w) 



Substituting (4.43) into the heavenly equation with A (2.27) we obtain 

A 



6r 



(4.41) 
(4.42) 

(4.43) 
(4.44) 



We intend to bring Eq. (4.44) to more simple forms. To this end we first rewrite (4.44) 
in terms of differential forms 

dW4, A dWr^ Adw + 2Wr^ dWr, AdT]Adw- 2W^ d(j) A dWr^ A dw (4.45) 



H — d(p Adri A dW„ ^ dW^ A dri A dw = 



Then one has 

dW = W^d(f) + W^d7] + W^dw d{W -r]Wr,) = W^d(j)-7]dWrj + W^dw (4.46) 
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In the next step we perform the Legendre transformation 



V = V{<P,z,w) 



(4.47) 



From (4.46) and (4.47) one quickly gets 

6r2 



A 



6r2 



v. 



Inserting (4.47) and (4.48) into (4.45) and introducing 



V := TW , U = U{(l), z,v) := V{(f), z,T^^v) 

we obtain the following equation 

dU^ A dz A dv — 2z dz A dUz Adv — 2U^ dcj) Adz A dv 
-d(j) A dU-z Adz + dU^ A dU^ A dv = 

which is equivalent to the nonlinear partial differential equation for U 



(4.48) 



(4.49) 



(4.50) 







(4.51) 



[Remark. Before we proceed further an important remark is needed. The Legendre 
transformation (4.47) makes sense if VF^^ ^ 0. So the case 



(4.52) 



must be considered separately. Assume that Eq. (4.52) is fulfilled. The general solution 
of this equation W = W^cj), r], w) is of the form 



W = r]f{(j),w) +g{(l),w) 



(4.53) 



where / = f{(j),w) and g = g{(j),w) are arbitrary functions. Inserting (4.53) into the 



heavenly equation with A (4.44) and performing straightforward manipulations one gets 



the general key function W = W{(f),r],w) satisfying (4.52) and (4.44) 



W = {M + f2)v + ifi + r-'f[) j<l>' + (2/1/2 + r- V2) + h<f> + h (4.54) 

where /i, /2, /4 and /4 are arbitrary functions of the variable w and f[ := f^, f'2 



Substituting (4.54) into the second formula of (2.24| one easily concludes that now 



^Abcd ~ 0- Consequently, the case when (4.52) is fulfilled leads to the key function 
given by (4.54) and the respective complex spacetime is conformally flat i.e. complex de 
Sitter] . 



Return to Eq. (4.51). Simple substitutions 

2P := U - -(f)z^ , 
2^ ' 

lead to the following equation for P = P^cj), z, y) 



P P 



y := 2v 



+ Pzy = ^ 



(4.55) 



(4.56) 
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This equation has exactly the same form as Eq. (4.11) of Ref. [H]. Therefore, our further 
analysis of Eq. (4.56) goes along the line described in [8]. First, observe that (4.56) can 
be equivalently presented in terms of 3-forms as 



dr A ds A dy + (f) dr A dz A dy — r i 
dr A d(f) A dy + ds A dz A dy = 
dcp A dz A dy ^ 



A dz A dy + d(f> A dz A ds 



[Indeed, from (4.57b) it follows that there exists a function P 
r = and s = Pz- Then (4.57a) gives (4.56) . 
Define the 1-form uj by 

LO := ds — r dy + ip dz 



(4.57a) 
(4.57b) 
(4.57c) 

z^y) such that 



It is an easy matter to show that with the use of u Eq. (4.57a) takes the form 

UJ A du = Q 



(4.58) 



(4.59) 



Consequently, by the Frobenius theorem [25] one conlcudes that there exist functions 
H = H{(j), z, y) and x = x(0, z, y) such that 



Hdx 



(4.60) 



The exterior differentiation of the 1-form uj defined by (|4.58|) gives duo = —drAdy+dcpAdz. 

(4.61) 



Taking the exterior product du A dy and using also (4.60) we get 

dH Adx Ady - 



Adz Ady = 



Summing up the exterior products du A 
obtains 



and UJ A dz A dy, and using Eq. (4.57b) one 



du Ad(j) + u Adz Ady = ""^^^ dH A dx A d(j) + H dx A dz A dy = (4.62) 



First, we can show that 

dx A d(f) A dy (4.63) 

Indeed, from ( |4.58[ ) with ( |4.60| ) it follows that H dx Adcp Ady = iS ds Ad(j) Ady + (pdz A 
d(j) A dy = 0. Then substituting s = P^ and remembering that dcp A dz A dy ^ one 
concludes that H dx A d(f) A dy = iS P^z = —4>, i-e. P = —\(t>z'^ + 2^(0,?/) + B{(j),y) 
where A = A{(f), y) and B = B{(j), y) are some functions of (0, y). However, such a P does 
not satisfy Eq. (4.56). Therefore, the condition (4.63) holds true. Consequently, (x,0, y) 

(4.64) 



are independent variables. Eq. (4.61) is then equivalent to the statement that 

Zx = H, 



and Eq. (4.62) is equivalent to 



From (4.64) and (4.65), substituting also 

F :-- 



{\nH)y 



one arrives at the Boyer - Finley - Plebanski (or the Toda field) equation [8\ 







From (4.61), (4.63) and (4.66), under (4.57c) one infers that 

^0 7^0 



(4.65) 
(4.66) 

(4.67) 

(4.68) 
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4.4 Comments on real ?/-spaces with A admitting a non-null 
Killing vector. 

Real "H-spaces of Euclidian signature (+ + ++) with A admitting a Killing vector have 
been studied in Refs. [HI [18] . In particular in [18] it has been proved that the problem 
can be always reduced to the solution of the Boyer - Finley - Plebahski equation. The 

case of a real ?^-space of signature (+ H ) with A admitting a non-null Killing vector 

is much more involved as now one must consider two different cases, namely 

IabI"^^ > or IabI^^ < (4.69) 

This problem has been solved by M. Hogner [TH] and it has been shown that there 
exist suitable coordinates such that again one arrives at the Boyer - Finley - Plebahski 
equation. We do not enter these questions here, but we note only that the real case with 
IabI^^ < can be easily obtained from subsection 4.3 by taking real objects instead of 
the holomorphic ones. 



A Appendix. 

A.l Explicit form of the Killing equations and their integrabil- 
ity conditions in 7/-spaces with A. 



problem to be solved. Using the formula for the spinorial covariant derivative 



Equations (|378a|) - (|3.8b|) together with their integrability conditions (|3.11a|) form our 

(A.l) 



AB 

MN'^ CD 



,SB 



^MN^ CD^ ^ SMN ^ CD 
~ SMN CD DMN CS 



CMN SD 

,AB 



then the decomposition (2.22), the formulae (3.2) and (3.4), after some work, one obtains 
the equations 



AB 



11 



(A.2) 



dq 



AB 05/ -2, 



+ Q^^ d 



B) 



EJ^ = 2 g(^/l^) + 2(^2 ^.QS(Aj^B) _ 2^2 hSQ.QAB ^ Q 



-E = -g^A;^ + 9^/ix,+ 



2n,AS\ 



then 



ki = d^k. 



N 



(A.3) 



2 /i2 = dj^jh"^ + S^A;^ + 20-^ h^j"^ + (j^kf, dsQ 



SN 
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and the integrability conditions Lj^grp 
1 

"72 
1 

~72 



T 

^111 



T 

^112 



1 

1 
1 
1 

71 



^122 



^212 



^222 



'^d^[<\)%^) = 



d\2 + <l)luJsQ^^ + ^k^ 



9^/22 + 30-^ I22J'' + 20 luJsQ'''' + o A 



SA 



SA\ 



-Ak' 



3X2 



1,-1 



A 



I22 j^' + rhi^sQ - 



5^/22 - 0^22 dg 



SA 



) + 20"/i2 dsQ^'^ = o 



(A.4) 



A. 2 Detailed derivation of the master equation. 

In this sectio n we present in some details the reduction of Killing equations to one 
master equation (3.16). From the Killing equations -En^^ (see (A.2)), one finds that 



0-2 («/ + S^) 



(A.5) 



where a = a{q^^) and 6^ = 5^ {q^^) a re arbitrary functions of their variables. Using 
this form of k^ one can find In ( |3.19a ) and check, that integrability condition L^^^^^ is 
automatically satisfied. Knowing the form of A;^, the second triplet of Killing equations 
^12^^ can be brought to the form 



where 



dq, 



Ps 



(A.6) 



(A.7) 



But if 5(^1/^) = then = Vp^ + e^ with V = V{q^) and = e^(g^O being arbitrary 
functions of their variables. Hence 



-2aQ^-^p'p^-^Ps + Vp^ + e^ 
dq^ dq^ 



The final Killing equation, i.e., the E equation can be rearranged to the form 



-E 



d 



N 



d 



{ap'' + 5^) = 



dq 



N 



(A.8) 



(A.9) 



Inserting h — (p k^Q from ( |A.8 ) into (A.9) and using the d efinition of Vt one gets 
the polynomial in p^, and, finally, integrability condition (3.18a) and the solutions for V 
and 



V 



dq 



(A.IO) 



TV 



^ e 



N 



eJ 



N 
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with e = e(g*^) being an arbitrary function. Putting this into (A.8) one obtains the final 
solution for 



'kg Q" 
da 



-2a fi^ + R' 



dq 



zP P + 



dq 



T 



dq 



(A.lla) 
(A.llb) 



N 



With given by (A.lla) one can calculate I12 and obtain (3.19b). Integrability condi- 
tions -^^112'^ and L^ii^ become identities. 

The next step is to calculate the form of I22 from i^2i2^- -^212^ is useful t o replace 
the factor d^li2 from L^^2'^ equation and do not calculate it directly from ( 3.19b| . Except 
this, there appears the factor Q'^^Q^^ which is skew symmetric in the indices AX and 
it can be changed according to 



-AX rtSB 



B 



-AX i2 



SB 



r 



(A.12) 



Using the heavenly equation with A in the form (2.13) to replace T one can remove 
quadratic ter ms wi th the second derivative of the key function W. After some al gebraic 
work, using (3.18a) and contracting i^2i2'^ with one obtains /22 in the form (3.19c) 
(contraction J4 ■ i^2i2'^ is an identity). 

The integrability condition i^i22'^ gives no additional information since it becomes an 
identity. 

Eq. (3.19c) must be consistent with the definition of ^22 given by (A. 3). It is not an 

1 d6^ 



identity. Denote 

S := -£KW + 4aT - W 



(A.13) 



dq^ " ■ r dqj^ 

After some tedious calculations one shows that the consistency condition takes the form 

1 d^a 



Jj^d^T. 



2 dq^dq^ 

1 dH^ 



pNpS 



2 dq^ 



6r2 dq, 



(A.14) 



2r dq^dqji 



IN 

A da 



6r2 dq 



Eq. (A.14) plays a crucial role in the most important part of this work i.e. in an 
integration of the third triplet of the Killing equations £22^^- Putting h-^ given by 



( A.lla ) into ^22^^, after some obvious cancellations one gets 



-2 rp AB 
^22 



OQe) dq^j^ dq^ 

-2 ^QB)-2a^- 2a Q'^^^Q^^ + 2a fi^5,g^^ = 



(A.15) 



dq, 



(A 



dq 



B) 



with R^ defined by (A.llb). Taking Q^^ in the form (2.10b) we obtain 

-0-2^22^^ = = 



(A.16) 
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where 



2 

r 



85^ ^ d{(t)^k^) 



dq 



N 



dq 



N 



dq 



(A.17) 



B 



■ dVL^ ■ ■ -2 

+<t)^k^ r- + 2a ds^^ + UaTJ^ + -AaWK^ - Gacpj'^W^sWj 

QqS J- p 

, dW , da 6 ^r, 9e 6 1 d'^a ■? 6 r 
+3a0 7^ A—p^n^ + J^ — - P - o — ^ P P P 



Pis 



d^6^ 



dq^dqj^ 



dq^ 
■PsPr + 



1 d'6^ 
2dqsdq^ 



dq' 
PsPr + 



2 dq^dq^ 



d 



dq 



-K.J, 



d6^\ 



TB 



t\t ^ dq^J 



Inserting define d by (2.11 ) into (A.17) one observes that the terms containing the 
key function W in (A.17) can be rearranged into the form with S given by 



(A. 13). Moreover, after some algebraic tricks one finds that 

^2^5 I Q2^B 



dq^dqf^ 
-.(b'd^ 



PsPr + 



2 dq^dq^ 
1 d^6^ 



PsPr + 



d 



2 dqfdqi^ 



PrPsPt 



dq^\T 
2 dH"^ 
T dqjifdqf 



K ■ 1 ■ 



95 \ f B 



(A.18) 



JsJNPfP^V<P ^ 



Except this, from d'^^T.^'^ = it follows that T.'^ = Xp^ + (with X and being an 
arbitrary functions of the variable q^). Finally 



Xp^ + 



(A.19) 



1 (9^x5 



2 dqfdqj^ 
d'^a , 



PrPsPt 



2r3 dq^dq^ 



3 / 6r^ dq^ 



-,R de d Ae ,^r A 1 d6^ . ^r , ^^rs 



IN 



Contracting (A.19) with and using (A. 14) we get 

A d6^ 
3r2 dq 



-X 



2 dq^ 



+ 



(A.20) 



N 



Ae 
6r 



K 



B 



-YJ 



B 



T 



where Y = Y(q ) is an arbitrary function. 



(An alternative way to obtain (A.20) is to mu ltiply (A.19) by ^ and derive d^{A.19)). 
Using the solutions for X and Y^ in Eq. (A.19 ) one can bring it to the form (j)'^d^[(f)^^ {...)] = 
and finally obtain the master equation^ 



Integrability conditions -^^222"^ gi^^ (3.18b). 
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